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A small deformation and modifications of locally
conformally balanced manifolds
Hirokazu Shimobe
Abstract
We will consider locally conformally balanced manifolds. We prove
that a locally conformally balanced condition is not stable under a small
deformation. We prove that locally conformally balanced condition is
stable under any proper modification. We prove that symmetric products
of the Kodaira surface can be resolve to locally conformally balanced
manifolds by Hilbert-Chow map.
1 Introduction
Let X be a complex manifold. A Hermitian metric on X will be identified
throughout this paper with the corresponding positive-definite C∞(1, 1)-form ω
on X . If X admit a Hermitial metric ω which is closed, X is called a Ka¨hler
manifold and if X admit a Hermitian metric ω which is co-closed, X is called
a balanced manifold. When one give a geometric structure, it is fundamental
to consider if the given geometric structure is stable under proper modifications
and small deformations. One can construct new compact complex manifolds
with the same property if it dose. It is known that the Ka¨hler condition is
stable under any small deformation, but the balanced condition is not. For
example, The Iwasawa manifold is balanced, but a small deformation of the
Iwasawa manifold is not balanced. On the other hand, it is known that the
Ka¨hler condition is not stable under some proper modification [11] and the
balanced conditon is stable under any proper modification [3].
We can consider metrics which locally conformal to given a metric, such as a
Ka¨hler metric and a balanced metric. We call complex manifolds with a metric
locally conformal to a Ka¨hler metric as locally conformally Ka¨hler manifolds
(LCK for short) and we define as follow for the balanced condition.
Definition 1.1. Let (X,ω) be a Hermitian manifold, n := dim X > 1, with
dωn−1 = θ ∧ ωn−1, where θ is a closed 1-form. Then X is called a locally
conformally balanced (LC-balanced for short) manifold. We call θ as a Lee
form.
As for LCK, a lot of research has been done so far. However, for LC-balanced,
little research has been done. In this paper, we will consider locally conformally
balanced manifolds.
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As a first remark, we will note the following fact. That is, LCK manifolds
are LC-balanced manifolds, but there are LC-balanced manifolds with no LCK
structure. The most simple examples come form the following proposition.
Proposition 1.2. Compact complex manifolds given by direct product of LC-
balanced manifolds are LC-balanced.
Proof . See Proposition 3.1.
Therefore the direct product of LCK manifolds is LC-balanced. The direct
product of LCK manifolds is not generally LCK. For example, the direct product
of Vaisman manifolds is not LCK (see Corollary 3.3 of [19]). Therefore the direct
product of any submanifolds (dim ≥ 2) of Hopf manifold give examples of LC-
balanced manifolds that are not LCK.
Next, we will consider stability of the LC-balanced condition under small
deformation. It is known that the LCK condition is not stable under a small
deformation [6]. Using this result of [6], we prove the following result.
Proposition 1.3. We follow the termes used in [12] (also see [6]). Let X =
S+n;p,q,u with u ∈ C\R be an Inoue surface of the type Γ\Sol
′4
1 . Then the direct
product of X cannot admit any LC-balanced metric.
Proof . See Proposition 3.4.
This proposition implies that the LC-balanced condition is not stable under
a small deformation.
Next, we will consider whether the LC-balanced condition is stable under
modification. It is know that the LCK condition is not stable under a proper
modification [14]. For example, a blow up along submanifolds (dim ≥ 1) of a
Vaisman manifold is not LCK. For LC-balanced manifolds, the following Theo-
rem is known.
Theorem 1.4. [18] Let µ : X˜ → X be a proper modification of compact com-
plex manifolds. Then if X˜ is an LC-balanced manifold, X is an LC-balanced
manifold.
In this paper, we will prove the following theorem by using Theorem 2.3 of
[1].
Theorem 1.5. Let X be a compact complex manifold endowed with a LC-
balanced metric. Let Y ⊂ X be a submanifold. Then the blow up X˜ of X
along Y has a LC-balanced metric.
Proof . See Theorem 4.1
By Theorem 1.4 and Theorem 1.5, we can conclude that LC-balanced con-
dition is stable under proper modification.
Finally, we will consider the Hilbert schemes of Kodaira surface. It is known
that the Hilbert schemes of the Kodaira surface are non Ka¨hler and are smooth
holomorphic symplectice manifolds. We will study the geometric structure of
these holomorphic symplectic manifolds.
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Theorem 1.6. Let X be the Kodaira surface and Y the symmetric product. Let
Y˜ be a resolution of Y by Hilbert-Chow map. Then Y˜ is LC-balanced.
Proof . See Theorem 5.1
That is, we obtain a lot of examples of holomorphic symplectic manifolds
with LC-balanced structure.
2 Preliminaries
In this section, we give a brief introduction to locally conformally Ka¨hler struc-
tures and locally conformally balanced structures. We define LCK manifolds as
follow.
Definition 2.1. Let (X,ω) be a Hermitian manifold, n := dim X > 1, with
dω = θ ∧ ω, where θ is a closed 1-form. Then X is called a locally conformally
Ka¨hler (LCK for short) manifold. We call θ as a Lee form.
A particular class of LCK manifolds are Vaisman manifolds.
Definition 2.2. Let X be an LCK manifold and θ the Lee form. Then X is
called Vaisman manifold if ∇θ = 0 where ∇ is the Levi-Civita connection.
It is known that submanifolds of a Hopf manifold are Vaisman manifolds.
It is trivial that submanifolds of LCK manifolds are LCK. It is known that an
LCK condition is not stable under a small deformation and a proper modification
[6] [14].
There is a conditon for a compact complex manifold to admit an LCK metric
or an LC-balanced metric. This result was proved by Otiman [15].
Proposition 2.3. [15] Let X be a complex, compact manifold and θ a real closed
1-form. There exists a transverse (p, p) dθ-closed form if and only if there are
no positive currentswhich are (p, p)-components of dθ-boundaries.
LCK metrics and LC-balanced metrics can be defined on orbifolds. Let X be
an orbifold of dimension n. An orbifold chart on X is a triple (U˜ ,Γ, φ) where U˜
is a domain in Cn, Γ is a finite group acting effectively as automorphisms of U˜ ,
and φ : U˜ → U is an analytic cover onto an open set U ⊂ X such that φ ◦ γ = φ
for every γ ∈ Γ and induced natural map U˜/Γ → U is a homeomorphic. An
orbifold atlas on X is a family U = {(U˜i,Γi, φi)} of orbifold charts such that
X = ∪Ui, where Ui := φi(U˜I).
We define a (p, q)-form on an orbifold X = (X,U) as follow. That is, a
(p, q)-form on an orbifold X is a collection ψ˜ = {ψ˜i} of smooth (p, q)-forms ψ˜i
on U˜i, for each orbifold chart (U˜i,Γi, φi), so that γ
∗ψ˜i = ψ˜i for each γ ∈ Γi, and
λ∗jiψ˜j = ψ˜i for each injection λji : U˜i → U˜j .
Therefore LCK structure and LC-balanced structure on an orbifold can be
defined.
A (p, q)-current on an orbifold X = (X,U) is defined as a collection T˜ = {T˜i}
of bidegree (p, q)-current T˜i on U˜i, for each orbifold chart (U˜i,Γi, φi), so that
γ∗T˜i = T˜i for each γ ∈ Γi, and (λji)∗T˜i = T˜j |λji(U˜i).
3
Lemma 2.4. [7] Let X = (X,U) be an orbifold. Let T be a positive closed
bidegree (1,1) current. Then for any x ∈ X, there is a neighborhood x ∈ U ⊂ X
such that there is a plurisubharmonic (psh for short) function v on U with
ddcv = T on U ∩Xreg.
3 A small deformation of an LC-balanced man-
ifold
In this section, we will consider a small deformaiton of an LC-balanced manifold.
First, we prove the following proposition.
Proposition 3.1. The direct product of LC-balanced manifolds are LC-balanced
manifolds.
Proof . Let X1 and X2 be LC-balanced manifolds. Let ωi be an LC-balanced
metric and θi the Lee form of Xi, i = 1, 2. Put that ni =dim Xi, i = 1, 2. We
put Ω := ω1 + ω2, and compute dΩ
n1+n2−1. Since
Ωn1+n2−1 = c(ωn11 ∧ ω
n2−1
2 + ω
n1−1
1 ∧ ω
n2
2 ),
where c is a constant,
dΩn1+n2−1 = c(ωn11 ∧ θ2 ∧ ω
n2−1
2 + θ1 ∧ ω
n1−1
1 ∧ ω
n2
2 )
= (θ1 + θ2) ∧ Ω
n1+n2−1.
Therefore Ω is an LC-balanced metric on X1 ×X2.
In general, the direct product of LCK manifolds is not LCK.
Proposition 3.2. [19] Let X1 and X2 be Vaisman manifolds. Then the direct
product X1 ×X2 is not LCK.
Example 3.3. Let X and Y be submanifolds of a Hopf manifold. Then by
Proposition 3.1 and Proposition 3.2, X × Y is an LC-balanced manifold that
does not admit any LCK metrics.
By Example 3.3, we get a lot of simple examples of LC-balanced mani-
folds. Using this example, we will discuss a small deformation of a LC-balanced
manifold. Our proof of the following proposition is based on arguments of [6]
(Proposition 18).
Proposition 3.4. We follow the termes used in [12] (also see [6]). Let X =
S+n;p,q,u with u ∈ C\R be an Inoue surface of the type Γ\Sol
′4
1 . Then The direct
product of X cannot admit any LC-balanced metric.
Proof . Let Lie(Sol
′4
1 ) be a Lie algebra of Sol
′4
1 (see Proposition 17 of [6]).
Lie(Sol
′4
1 ) = 〈Y, Z, T, U〉, (3.1)
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where Z is central, [Y, T ] = Y, [T, U ] = U, [Y, U ] = Z.
Suppose that X ×X(or we index X ×X as X1 ×X2) is LC-balanced. Let
Ω be the LC-balanced metric and θ the Lee form.By Proposition 2.12 of [4], we
may suppose that Ω and θ are left invariant. Since θ is d-closed, we can set
that θ(Ti) =: ki ∈ R, θ(Yi) = θ(Zi) = θ(Ui) = 0, where i = 1, 2. Since Ω is a
LC-balanced metric,
dΩ3 = θ ∧ Ω3.
By definition and (3.1), we compute the following derivation.
dΩ3(Y1, Z1, T1, U1, Y2, Z2, U2) = c{Ω
3(Y1, Z1, U1, Y2, Z2, U2)−
Ω3(U1, Y1, Z1, Y2, Z2, U2)} = 0.
On the other hand,
θ ∧ Ω3(Y1, Z1, T1, U1, Y2, Z2, U2) =
k1Ω
3(Y1, Z1, U1, Y2, Z2, U2).
Therefore k1 = 0. Similarly we have k2 = 0. Therefore θ = 0, but X1 ×X2 can
not admit any balanced metric (if it were, the projection X1×X2 → X1 would
imply that X1 is balanced). Hence X1 ×X2 is not LC-balanced.
The direct product of the Inoue surface of Proposition 3.4 is a small defor-
mation of an LC-balanced manifold. Therefore, the LC-balanced condition is
not stable under a small deformation.
Corollary 3.5. A small deformation of an LC-balanced manifold is not LC-
balanced.
Remark 3.6. It is known that a small deformation of a balanced manifold
is not balanced. For example, the Iwasawa manifold is balanced, but a small
deformation of the Iwasawa manifold is not balanced [2].
4 A proper modification of LC-balanced mani-
folds
We will prove that any blow up of LC-balanced manifolds are LC-balanced. As
a result , we conclude that LC-balanced condition is stable under any proper
modification.
Theorem 4.1. Let X be an LC-balanced manifold and θ the Lee form. Let
f : X˜ → X be a blow up of X along a submanifold D (codim D ≥ 2) on X.
Then X˜ is LC-balanced.
Proof . Suppose that there exists a current T = ∂θ′S + ∂θ′S on X˜, where
θ
′
= f∗θ. By Proposition 2.3, we will prove that T = 0. Since X is LC-
balanced, Supp T ⊂ E := f−1(D). In case that D is a point, by [13], it is
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known that X˜ is LC-balanced. So we suppose that dim D ≥ 1. We divide D
into the following domain,
D = U1 ∪ · · · ∪ Ul,
where j∗i [θ] = 0 for embedding ji : Ui → X , i = 1, · · · , l. Let Vi be an open
neighborhood of Ui such that H
1(Vi) ∼= H
1(Ui) and Vi ∩ D = Ui. Since
∂θ′∂θ′T = 0, there exists a function gi on f
−1(Vi) such that e
gi∂∂e−giT = 0 on
f−1(Vi). Let T
′
i := e
−giT .
Since T
′
i is the component of a boundary,
T
′
i = ∂S
′
+ ∂S′ (4.1)
for a suitable current S
′
of bidegree (1,0). We use Theorem 2.3 of Alessandrini-
Bassanelli [1] that argued stability of balanced manifolds under modificaition.
Theorem 4.2. [1] Let M
′
and M be complex manifolds and f : M
′
→M be the
blow up of M with smooth center Y . Let T be a real ∂∂-closed current on M
′
of
order zero and of bidegree (1,1) whose support is conttained in the exceptional
set E. Then there exists a pluriharmonic function h : Y → R such that
T = (h ◦ f)[E].
Moreover, if T is the limit in the weak topology of currents that are components
of boundaries, then T = 0.
T
′
in (4.1) is a positive current, therefore, order zero. Hence since T
′
satisfy
conditions of Theorem 4.2, we can conclude that T
′
= 0, that is, T = 0.
Remark 4.3. In Theorem 4.1, if D is a point or compact induced globally
conformally balanced submanifold, it was proved that a blow up of X along D
was LC-balanced [13] [20].
It is known that any blow down of X is LC-balanced [18], so we have the
following corollary.
Corollary 4.4. Let µ : X˜ → X be a proper modification of compact complex
manifolds X and X˜. Then X˜ is a LC-balanced manifold if and only if X is a
LC-balanced manifold.
Example 4.5. Let M be a Hopf manifold and D a submanifold of M . We
suppose that dim D ≥ 1 and codim D ≥ 2. Then a blow up M˜ of M along D
is LC-balanced.
5 Holomorphic symplectic manifolds with LC-
balanced structure
Let X be an LCK surface and X(n) a symmetric product, that is, X(n) :=
Xn/Sn, where Sn is a symmetric group. Note that X(n) is an orbifold. There
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is Hilbert-Chow map pi : X [n] → X(n) as a resolution of singlarities [9]. Since
dim X = 2, X [n] is a 2n dimensional compact complex manifold. When X is
the Kodaira surface, X [n] is a holomorphic symplectic manifold [5] [10]. We will
prove that X [n] admits an LC-balanced metric.
Let X
(n)
∗ be a subset of X
(n) consisting of
∑
νi[xi] (xi:distinct) with ν ≤
2, ν2 = · · · νk = 1. Let pr : X
n → X(n) be a projection. Define X
[n]
∗ and X
n
∗ as
follows.
X
[n]
∗ := pi
−1(X
(n)
∗ )
Xn∗ := pr
−1(X
(n)
∗ ).
Let us denote by ∆ ⊂ Xn the “big diagonal” consisting of elements (x1, . . . , xn)
with xi = xj for some i = j. Then we get the following commutative diagram.
Blow∆(X
n
∗ )
η
−−−−→ Xn∗
ρ


y


y
X
[n]
∗
pi
−−−−→ X
(n)
∗ ,
where η is the blow up along ∆ of Xn∗ and ρ is the map given by taking the
quotient by the action of Sn.
Theorem 5.1. Let X be the Kodaira surface. Let X [n] be a holomorphic sym-
plectic manifold as above. Then X [n] admit an LC-balanced metric.
Proof . Let θ be a Lee form of X . Since X is a nilmanifold, we may suppose
that θ is an invariant closed form. By Proposition 3.1, Xn is an LC-balanced
manifold. Let θ1 + · · · + θn be the Lee form, where θi = θ on X . Since pi is
Hilbert-Chow resolution, the pull-back θ
′
= pi∗(θ1 + · · · + θn) can be defined.
We may assume that θ
′
can be assumed to be smooth on X [n] (One can be
proven by the same method that a holomorphic symplectic form can be defined
on X [n]).
Suppose thatX [n] is not LC-balanced. Then there is a bidegree (1,1) positive
current T = ∂θ′S + ∂θ′S [15]. Since X
n is LC-balanced, Supp T ⊂ E, where E
is exceptional divisor of pi. Let E = A ∪B, where A is the union of irreducible
components of E of codimension bigger than 1, B = ∪iEi is the union of
irreducible components of E of codimention 1.
Let Di := Ei ∩ X
[n]
∗ , then Di is smooth. We divide Di into the following
domain,
Di = U1 ∪ · · · ∪ Ul,
where j∗k [θ] = 0 for embedding jk : Uk → X
[n], k = 1, · · · , l. Let Vk be an open
neighborhood of Uk such that H
1(Vk) ∼= H
1(Uk) and Vk ∩Di = Uk. We have
egk∂∂e−gkT = 0
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on Vk. Let T
′
k := e
−gkT on Vk. T
′
k of (4.1) is a positive current, therefore, order
zero. Hence since T
′
k satisfy conditions of Theorem 4.2, we can conclude that
T
′
k = 0, that is, SuppT ⊂ A. Since codim A > 1, we can conclude T = 0.
Therefore X [n] admit a LC-balanced metric.
Finally, we prove that X [n] does not admit any balanced metrics.
Proposition 5.2. Let X [n] be a holomorphic symplectic manifold as above.
Then X [n] is not balanced.
Proof . We follow termes and arguments of [17]. We will prove that X [n] is
not strongly Gauduchon (sG for short), therefore X [n] is not balanced. Suppose
that X [n] is sG. Then we should prove that Xn is sG. Suppose that Xn is not
sG. Then by Proposition 3.3 in [16], there is no non-zero current T of bidegree
(1, 1) on Xn such that T ≥ 0 and T is d-exact on Xn. Let p : Xn → X(n) be a
projection. Then T˜ := p∗T is well-defined current on X
(n) (Note that X(n) is a
orbifold). T˜ is a d-exact non zero positive (1,1) current. By Lemma 2.4, for any
x ∈ X(n), there is a neighborhood U ⊂ X(n) of x such that T |
U∩X
(n)
reg
= i∂∂v,
where v is a psh on U . Define that (pi∗T˜ )|pi−1(U) := i∂∂(v ◦ pi). Then we can
construct pi∗T˜ as pull-back of T by pi. We will prove that pi∗T is d-exact on
X [n].
By Main Theorem 1.1 of [8], there is a v˜j ∈ [T˜ ]DR such that v˜j
w
−→ T˜ and
v˜j ≥ −cω, where c is a positive constant and j ∈ N. Since T˜ is d-exact, v˜j is
d-exact.
We will prove that pi∗v˜j = d(pi
∗u˜j)
w
−→ pi∗T˜ . The argument is virtually the
same as that of [17]. Hence we give a sketch of proof.
Pick smooth invariant form αΓ (X(n) is an orbifold).
v˜j = α
Γ + i∂∂ψj ≥ −Cω,
where we choose a smooth function on X2n, ψj , such that
∫
Xn
ψjω
2n = 0, where
ω is a Hermitian metric on X2n. By the defintion of Laplacian ∆, we have
∆ωψj = Traceω(v˜j − α).
Let G be Grenn operator of ∆ω ,
ψj = GTraceω(v˜j − α).
SinceG is a compact operator from the Banach space of bounded Borel measures
on Xn to L1(Xn) and since the forms v˜j converge weakly to T , we infer that
some subsequence (ψjk )k converges to a limit ψ ∈ L
1(Xn)Γ in L1(Xn)-topology.
Therefore, by the weak continuity of ∂∂, we have
T˜ = lim
k
(α+ i∂∂ψjk) = α+ i∂∂ψ.
Since (ψj)j is uniformly bounded above, (ψj ◦ pi)j is also uniformly bounded
above on X [n]. On the other hand, ψjk ◦pi converges almost everywhere to ψ ◦pi
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on X [n]. Therefore,
pi∗v˜jk = pi
∗α+ i∂∂(ψjk ◦ pi)
w
−→ pi∗T˜ = pi∗α+ ∂∂(ψ ◦ pi).
since pi∗T˜ is a non-zero positive (1, 1) d-exact current, X [n] is non-sG. That is,
X [n] is not balanced.
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